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Refraction and reflection of a wave when the interface
and the media are moving at relativistic speeds

G. Cavalleri and E. Tonni
UniversitaCattolica, Via Trieste 17, 25121 Brescia, Italy
(Received 7 July 1997

Explicit expressions for the cosines of the refracted and reflected angles are given as functions of the cosine
of the incident angle when the two medjasually fluidg and the interface are moving with relativistic
velocities. An application can be the refraction of electromagnetic waves in rarefied but very large clouds of
gas moving at relativistic speeds in the expanding univé&8063-651X98)12102-3

PACS numbds): 03.40.Kf, 43.20+g, 03.30:+p

[. INTRODUCTION fluid). In the second step, we perform the Huygens construc-
tion in Sy assuming medium 2 at rest with medium 1. In the
The laws of refraction and reflection of a nonrelativistic third step, we consider the actual velocity of medium 2,
wave, when the interface and the media are moving wittand we pass again to the laboratory sys@&m
speeds much smaller than the speedf light, have been A clarification is needed for the interfaeethat can be a
given in a recent papdt]. We show here that the expres- generic surface with a regular motidine., without disconti-
sions for reflection are rigorous, while the third step of re-nuitieg. Locally, to find the refraction of a narrow wave
fraction is approximated to first order. We give here an im-beam(or ray), we can consider it as a plaf& small portion
proved classical expression approximated to second ordeof the tangent plane The two limitations(regular motion
We then extend the classical treatment to the case when ttand narrow beaimply that the two point#\ andD of Fig.
speeds are relativistic. 2 have infinitesimal differences of velocity. For example, if
The main application regards the refraction, and somee is rotating with the center of rotation betweArandD, the
times the total internal reflection, of electromagnetic wavesselocities of bothA andD are infinitesimal, i.e.g is con-
in rarefied but very large clouds of gas moving at relativisticsideredlocally at rest. For a large beam, we divide it into
speeds in the expanding universe. narrow beams and calculate separately the refraction for each
A case of interest could be the gravitational lens effect, inof them, with theirlocal velocity V for o.
which a quasar receding with a spee®.9c (wherec is the
speed of lightin vacug emits light that is deviated by a A. First step
cluster of galaxies receding with=0.7c. Actually, two or . . .
more bean%]s of light coming from the same qua);ar can reach Ve choose a sygtelﬁ of Cartgsmn axes with th)'e axis
the Earth, each beam following a different path, for instancé®@allel to the velocitw, of medium 1(through which the
one passing from one part, and the other on the opposite pdRCOMINg wave is propagating before refractiobet ¢, be
with respect to the deviating cluster of galaxies. The obthe wave velocity ir§ andn be the unit vector perpendicular
served quasar appears, therefore, as split in two or mor® the mobile interfacer and directed from medium 1 to
sources of light. The angular splitting is a few seconds of armedium 2(see Fig. 1. The incident angl®, in Sis given by
arc and therefore a non-negligible contribution can come . .
from the refraction of light through the progressively more Cos#y=N-C;/C1=N-C;. (1)

rarefied gas surrounding each galaxy and a cluster of galax- . ) N
ies. Notice thatn is not the transformed unit vector of,, per-

pendicular to the interface in the systent, at rest witho.

Il. REFRACTION Simply,ﬁ is the unit vector perpendicular 0 as seen bys
) . o that should know the plane tangent to the interféioethe

We obtain refraction by the Huygens construction, i.e., bysmall considered region of incidencelo characterize the
the envelope of the refractedr reflectediwaves. In order to  |oca] interfaces we choose three nearby poims, ry, and

perform this construction, the equiphase surfa@@swave re, as shown in Fig. 1, such théior simplicity takingyy
frontg) in the first medium have to be perpendicular to their:yK andxp=Xy)

velocities. This occurs only in the reference sys@&at rest
with the first medium. To have neglected this fact has led IN— k= (Xn—Xk) &+ (Zy—2Zk) €, 2)
Fahy[2] into error(corrected by Cavallergt al.[3]). NOK N N

We find the cosine ca of the refracted angle in three
steps. In the first one, we pass from the laboratory sySem

to the systemS, at rest with the first mediuntusually @  whereg,, §,, ande, denote the unit vectors of the Cartesian
axes. Denoting

rP_rK:(yP_yK)éy+(ZP_ZK) &, ©)

*Electronic address: cavaller@bs.unicatt.it A=ry—rk|=[(Xn—Xk) %+ (zn—24) %12, (4)
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FIG. 1. The local reference systesrhas been chosen so that the
x axis will be parallel to the local velocity, of the first medium.
The vectorsri, ry, andrp denote the positions of three nearby
points belonging to the interface having local velocityV. The
unit vectorn is perpendicular to the local element @f(character-
ized byrg, ry, andrp). The local velocity of the wave in medium

1 is denoted by, and forms the angl@,; with the local normah.

B=|rp—rkl=[(Yp—Yi)?+(zo—20)2]"% ()
it is
N=(ry=rg) X (rp—ry)/AB, (6)
hence
Ny=—(Yp—Yk)(Zn—2)/AB,
Ny=— (Xn—Xk)(2p— Zx)/AB, (7)

rA1z: (Xn—Xk)(Yp—Yk)/AB.

In order to pass from the laboratory reference systamthe
systemS, at rest with fluid 1, we must specify the kind of
clock synchronization we use, since to each kind there fol
lows a corresponding transformatiff]. For instance, if we
use the internal synchronization for bddrand S, (obtained
either by Einstein’s method or by slow clock transpdhte
corresponding relativistic transformations are those of Lor

entz. If we use the external synchronization, the correspond-

ing relativistic transformations are those of Tangher#ii
The latter ones are used in the Appendix as an unusual e
ercise, while in the main text of this paper we use the Lor

entz transformations, which are more familiar. We take the

reference syster, with the axes parallel to those of refer-
enceS and with thexy axis of Sg superimposed and sliding
on thex axis of S (thex andx, axes are therefore parallel to
the velocityu, of fluid 1 as observed b$). Consequently,
denoting by the subscript O the quantities measurej,inve
have

Yo=Y, Zp=1Z,
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Xo= y1(X—Ust), (8)
to=ya(t—xu,/c?),
wherec is the speed of light in vacuum and
y1=(1-uj/c?) 2 9

is the usual relativistic factor.

Because of the longitudinal relativistic contractions, the
local interface(where the narrow wave beam impingedb-
served byS, and denoted by, is bent differently than the:
observed byS. To use the Huygens construction in the sys-

tem S, the unit vectoﬁo (measured ir§;) perpendicular to
(the plane tangent }dhe interfaces; must be simultaneous

for Sy so that it is not the transform of. Consequentlyﬁo
can be expressed by the same three nearby points, u&d in
to characterize the local interface now measured i, and
denoted byrgx, ron, andrgp.

Taking into account thatp, ry, rop, andrqyk are simul-
taneous since they lie on a plane perpendicular tocthgis,
we obtain from Eq(8)

I’Op—I’OK:rp—rK, (10)
so thatB, corresponding t® defined by Eq(5) is still equal
to B.

On the contraryry andrgy are not simultaneous so that
ron(ton) — Fok(tok) is not the transform ofr (ty) — re(ty)
since ron—rok and ry—ry are relevant to thedifferent
space-time events.

We takergy , ron, andrg att=to=0 and denote by}

—rg the element relevant to the same space-time events of
ron— ok but measured by the laboratory obser@efwhile
ron—rok IS measured bys, at rest with medium 11 Their
components transversal tq are the same, while their lon-
gitudinal components are related to each other, as derivable
from X* =Y (X0+ U, to) W|th tON:tOK:O! by

XN — Xk = Y1(Xon— XoK) - (1)
For S, there is a time intervaky—tx, for the events
judged as simultaneous bys,, derivable from G=t,
=1y, (t* —uyx*/c?), which is

th —t=(X§ —xg)u, /2. (12

During this time intervalry, moves with velocityV of the
local interface reachingy, so that

= re=ry—rc+ V(x5 —xcuy/c2. (13
brojecting Eq(13) onuy, i.e., on thex axis, gives
X§ — X =Xn— Xk + Vi (X§ — X ) Uy /€2, (14)
from which we get
X=X = (X — Xi) (1= Vyliy /62) 2. (15)
Then we obtain by Eqg11) and (15)
Xon—Xok= Y1 "(Xn—Xk) (1= V,ui/c?) "t (16)
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Projecting Eq(13) on they andz axes, using Eq(15), and
taking into account that, because of E§), it is y§=Yon f
andzy=2zqy, gives, respectively,

y?\cl_yK:yON_yOK:Vy(XN_XK)(l_qul/C2)71u1/CZ=

17 Co; 0o B
sinceyy=Yk (see Fig. 1, and
1 D -
23— 2«=Zon— Zok = 2Zn— Zx + VA XN— Xk) 777 A 0 77
2 forAA’/ / 01 f ;’
X(1—V,u,/c?) " tuy/c?. (18 1 for BB’ % 02 7
_ _ 77 7094 ///./4
Finally, we obtain by Eqs(16), (17), and(18), B’
_ 2 A’
ook =2 ¥ (XN Xk) . Vy(Xn—Xk) Ul]
oN" Tok= )
(1—V,u,/c?) (1—V,u,/c?) c? ﬁoye"z
Y P V(XN —Xk) Ug (19 FIG. 2. A wave has velocitygy; in medium 1 and equiphase
N (1_qu1/02) c2|’ surfaceAB perpendicular tacy, if the observerS; is at rest with

medium 1. An interface having velocity, separates medium 1
so thatA,, corresponding té\ defined by Eq(4), turns out  from medium 2.n, is the unit vector perpendiculdfor S;) to the
to be given by interface and directed from 1 to 2. When a wave ray impinges on
the interface afA the wave is refracted in medium(2onsidered at
Ao=|ron—rokl rest with Sp) with velocity ¢y,. PointB of the wave front reaches
o 2 ) N the moving interface i" while pointA reache#\’ in medium 2 at
_ (Xn=Xk) T 71 +(Vy+Vz)U1/C ] rest withS; so that the equiphase surfagéB’ is still perpendicular
- (1_qul/C2)2 to the refracted rayAHA’. This is the Huygens construction for
media at rest but moving interfac&,B’ being the envelope of the
2 (zy—2x)V, Uy (Xy—Xg) 12 spherical waves rao_liatgd by the points of the interface successivgly
+ (zN—zK)2+ . reached by the impinging wave front. In the general case of media
Cz(l_qul/CZ) moving with velocitiesu; andu,, respectively, we add relativisti-

(20) cally u; to ¢y, andu, to cy,.

We now have all the elements to define the unit veér@r ever, such a situation could practically be performed by a

measured irS, by an expression similar to E¢6), thin, porous piston in a cylinde(filled with a fluid) which
keeps two different pressures and densities in the two parts
o= (Fon—TFox) X (Fop— T o)/ AgB, 21 of the closed cylinder just by moving. The piston can also be
0= (Fon~Fox) X (Fop—Fox)/ Ao @D substituted by a shock wave of pressure.
wherer gy — ok is given by Eq.(19), rop—rok by Eq.(10), Let V be the velocity of the interface in the laboratory
B by Eq.(5), andA, by Eq. (20). systemS. The corresponding velocity 8, is

The wave velocitycy; in S, is given, sincau; =u; e,, by Vo= (1 Uy VIED) (Ve Ut 73 MV, + Vi)
X y z .

. e 24
Cor=(1—Uy-¢;/c®) "M (Co—Uy) &+ 1 l(clyey+ C1,8,)]. 4
(22 Both V andV, can, in general, be comparable with
The incident angldy, in S, is obtained from What is effective is the component
009901= I:lo' COl/COl: ﬁo' 601, (23) VOL :VO' |:\]O: BC' (25)
with n, expressed by Eq21). The unit vectom, is drawn so thaty;-no>0. Media 1 and

The three mutually nearby pointg, ry, rp are chosen 2 contain the incident and refracted wave, respectivelylf
so thatrok, ron, Fop @nd their order in the vector product were at rest, there would be no ambiguity about which one is

(21) bring about cogy;>0. the incident wave. However, ¥y, >cy; c0Syq, it is the
interface oy that reaches the fleeing wave and we have to
B. Second step exchange medium 1 for 2 in Fig. 2. Consequentlyr{fis at

rest, medium 1 is always the omet containingﬁo (drawn

The Huygens construction is performedSg considerin . i o . . .
yg P 59 g ptarting from the interfagelf o is in motion, medium 1 is

the fluid in the second medium as being at rest with the firs o )
one. The situation of two fluids at relative rest in spite of thethat not containingn only if

fact that their boundary plane moves, is theoretical and use-

ful as an intermediary step to find the final solution. How- $=5gN(Co1 COHp1— Vo) (26)
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is positive, medium 1 is the one containing if s is nega- The same Eq(33) is obtained in the second cass<(
tive. —), as shown in Ref{1], since this second step is the same

We consider the first case, i.s= +, in Fig. 2 where the in both the relativistic and nonrelativistic treatments. The

Huygens construction is plotted with respect to obsefger ~ only difference is given by the connecti¢@4) betweenV
The treatment of this second step is the same as in the noandV, (which in the nonrelativistic case reduces\g=V
relativistic case since foB, there is no composition of ve- —Ui). The solution of Eq(33), taking into account all the
locities and an observer can describe any motion. caseq s= =, with s given by Eq.(26)] and subcasess¢
With reference to Fig. 2AB is the trace of the equiphase —, P>0andp<0 as examined in Ref1]), is

front in medium 1 at redi.e., observed in systef®,) so that
it is perpendicular to the velocity,,. The wave ray which
impinges on the boundary plane At begins to travel in
medium 2 with the velocitgy, alongAA’. At time ty, when
the phase front reaches’, the same phase startedBhat  with m, p, andq given by Eq.(32).

time to=0 reaches the moving boundary planeBh Since Since ¢y, is known (it is the speed of the wave in the
the ray sectiorBB’ has always been in medium 1 and the medium at rest projecting the direction af,, on the normal

mq+Sp(m2+p2—q2)l/2

CO%OZZ , (34)

m?+ p?

ray sectionAA’ in medium 2, it is

t0:|AA,|/002:|BB,|/C01. (27)

The refracted phase fromt'B’ is perpendicular tAA’ be-

N, to the local interface and on the normalrtglying in the
refraction plane, it is

_: - - - dn
Coz=NoCo2 COHga+ (Mo X Co1) X Ny [NoX Cog| ~*Coz SiNboy,

cause in this second step of our solution the medium 2 is still (39

considered at rest with,. This phase front is obtained as the

envelope of the spherical waves radiated by each point of th@here cosg, (hence sii,) is given by Eq.(34), no andcoy

boundary plane reached by the incoming wave.

We see from Fig. 2 thgBB’|=cg; t; may also be writ-

ten as

Co]_ t0:|BD| +|DB’|: |AD| Sin001+V0l6t0/C0w01.
(28)

Similarly we may write| AA'|=cg, to as

Coz to=|A"H|+|HA|=|B"H| sinBy,+ Vo, to/coss,
(29

where
| B'H | = |AD| + Voito(tangol_ taneoz) . (30)

Obtainingt, from Eg. (28) and substituting it in Eq(29),

where Eq.(30) is used, gives, after simplifying the factor

|AD| that appears in both sides,

Vo
codg;

COZ Sin001= Sinaoz( COl_

sing sing
+V0L Sin001 S|n002( o - —02>

CoO¥y1 COSp,

Sinfg,

. (31
C03902

Simplifying Eq. (31), and calling

m= VOJ_ Sin001, p: COl_ VOJ_ COS901, q = C02 Sin001,
(32

we obtain

m cop,+ p Sinfg,=q, (33

are given by Eqgs(21) and(22), respectively.

C. Third step

The third step of our procedure is now introduced by con-
sidering the motion of the second fluid.

Since we have chosen thxeaxis parallel tou,, as said in
Sec. Il A, the velocityuy, of medium 2 with respect t§; is
given by

Ugo=(1— Uy Up /C?) "1 (Uge—Uy) &+ 71 H(Uny €+ Ugs8))],
(36)

wherey, is given by Eq.(9). Notice that even ifij,<c we
must use the relativistic compositi¢86) sinceu; andu, are
relativistic.

If ug,<<cgy<<c, as usually occurs in the nonrelativistic
case studied in Ref1], then the velocitycy,, still measured
by Sy but in the second fluid moving with velocity,,, has
been written in Ref[1] as

Co2=Cozt+ Upz if Ugz<Cqz<C. (37)

Notice thatcy, is now the velocity of the wave in a third
reference systers, at rest with the second medium. Obvi-
ously, its absolute value,, is equal to that used in Sec. Il B,
since there medium 2 was considered at rest. On the con-
trary, cg, is measured g, andcg,# co, because of the drag
due to the second medium.

If even u; andu, are much less thag, then ug=u,
—uy, so that Eq(37) reduces to Eq(16) of Ref.[1]. As a
clarification of what was done in Refl], it appears from
Fig. 3 that Eq.(37) is approximate to the first order in
Ugo/Cqo. Actually, in the prerelativistic case, where there is
complete drag of the wave by part of the moving medium,
the center of the spherical wave produced by the incident
wave in A moves toF given by AF=ugyty, where tg

If Vo, =—|Vo,|, all the preceding expressions keep their=|BB'|/cy;. Now the envelope of the spherical waves in

validity.

medium 2 is the wave froB’'G, tangent inG to the spheri-
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erence systens, (at rest with fluid 2 and therefore moving
with velocity ug, with respect toS;) to cj, measured in the

systemS; (at rest with fluid 2 and then add the first order
correction appearing in the classical £88), i.e.,

, .~ (NgXCop) _
Co2= Cop Ugp- Cop == X Cop. (39
[NoX Coql

Since thex axis is in general not parallel tq),,, we must
start from the Lorentz transformation betwe8g and the
systemS, (at rest with fluid 2 in vector form,

Fo="r2+ Uga Yor— 1)Uy T2+ YoUgot 2, (40

to= Yo ta+Ugy r2/C?),

where
FIG. 3. The center of the wave producedAnis transported to

F and the vectoAF is given byug, |BB’|/cq;. The envelope of 7022(1—u(2)2/02)’1’2. (41)
the wave centered iR and starting fronB’ is the wave fronB’G.
The rigorous direction in the nonrelativistic case wouldd® and  \we derive from Eq.(40), taking into account that we as-
not AF’=(cy,+Ugy) |BB’|/co;. The result may be expressed sumeddr,/dt,=cy,
as Cg,= Copt Ugyt Ugy Cod (Mo X Cor)/ [N X Cogl ] X Copt 0(Ug2/Co2) %,
which coincides withcy,+ Ug, Whenug, is perpendicular ta@y,. A n

ozt oz 0215 PEIP oz , dro _ CoptUga ¥02— 1) Ugz: Coxt YoUo2

cal wave centered iR. The simple addition of the velocities o2 dto 7oz 1+ Ugp- Cop/C?
would give the poinf’ (such thatA’F’ =ug.ty) instead of
G, i.e., a directiorAF’ for the refracted wave instead AiG. ~ FOr Ug2,Co2<C, Eq. (42) reduces to Eq(37). Forug,<c but
We clearly see thae’ G/FG=0(ug,/co,) and that Eq(37) Co relativistic, expanding Eqg42) to first order gives
is rigorous only whenug, is perpendicular ta,. .
In the general case, the first order approximation in Coz= Coa Ugz— Copllga: Coz/ % if Ugp=<c. (43
Ugo/Cqp is just of the same order of the ratio between the o .
second and the first term in E(B7). The worst approxima- If we denote byn=c/cg, the refraction index in the second

tion occurs whenlig,=Cop. An improved expression with uid: Eq. (43) becomes
respect to Eq(37) is

. (42

Coo== Coz+ Uoz Uz Cop Ugz Cop/N?), (44)
~ (ngX -
Coo= Coo+ Ugat Ugy* Cop M X Cpo, (380  which expresses Fizeau'’s drag coefficient.
[N X Coyl We now add the corrective term of E@8) to either Eq.

(42) or Eg. (43), since EQq.(38) is approximated to within

which is approximated to second order umy4/Cqy). 0(Uga/Cop)2. Choosing the simple Eq43), we obtain

Now, even with an acoustic waygo thatcy, is the speed

of sound, it is ug,/cgy<<1 so that Eq(38) is widely satis- (ﬁoX6o1)

fied. Even ifu; andu, are very large, as is the case for the == Copt Ugy— Coollgy- Co2/ €2+ Ugy- Cop ———=— X Cop,
cloud of gas surrounding a galaxy receding at relativistic [N Co
speed, the relative velocity,, can be very small if we divide (45

the moving and shrinking cloud of gas in many layers so that , ,
the relative velocity,, between two adjacent layers is much Where now, differently from the classical E(88), all the
smaller thanc,. guantities are relativistic, witmg given by Eq.(21), ¢y, by
We can proceed in the same way in the relativistic cased. (22), Ug, by Eq.(36), andcy, by Eq. (35).
as well. In the systen$, at rest with the second fluid, the ~ To obtainc, we transformcg, from the systens, (at rest
wave frontAB and the local interface form an angle different with medium 1 to the laboratory syster§,
from that observed i1, because of the longitudinal relativ-
istic contraction. However, this is a second order effect inc,=(1+u;- c5/c?) [ (Chy+U1) &+ v1 *(Chy8 + CiE) 1,
Ugo/c and therefore of the same order as E&28B). (46)
We therefore assume that the syst&nmeasures a ve-
locity for the refracted wave equal to the velocity, mea-  whereu, is the known velocity of fluid 1 with respect to the
sured byS, when the second medium was assumed at regaboratory observer ang, is given by Eq(45), with ug, and
with medium 1 and given by Eq35). Co2 given by Eqgs(36) and (35), respectively. Finally,
In order to obtain the velocitygg, of the refracted wave as
measured bys,, we must transfornt,, measured in the ref- co¥,=N-C,/Cyp, 47
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wherec, is given by Eq(46) andn is the local normal to the by Eq. (39), with Cop given by Eq.(42). Thenug, and cy,,
interface as seen by the laboratory obseSend given by  which appear in Eq(42), are given by Eqgs(36) and (35),
Eq. (6). respectively. In turn, cak, in Eq. (35) is given by Eq.(34),
wherem, p, andq are given by Eq(32). Finally, Vg, is
IIl. REFLECTION given by Eq.(25) with ﬁo andV, expressed by Eq$21) and
i , i i .. (24), respectively, bothu; and V being known, andrgy
Reﬂ_ectlon ona mobl_le mirror may be treated in a S|mllar_rOK and A, being given by Eqs(19) and (20), respec-
way with the obvious simplification; =u,=u, ¢c;=c,, Co; tively.
=Co2=Cp, and |AA’|A:|BB’|:5‘:CO"0 (see Fig. 2 of Ref. The same expressions hold for reflection, the only differ-
[1]). The unit vectom perpendicular to the reflecting mirror ence being that c@s, is given by Eq.(48) instead of by Eq.
as judged by the laboratory systesnis still given by Eq.(6)  (34) and thatci,= c,,, since fluid 2 is the same as fluid 1.
with A and B given by Egs.(4) and (5), respectively. The These expressions, as said in the Introduction, may have
first step always consists in passing fr@to the systen§;,  applications in astrophysics, in particular to find small cor-
at rest with the fluid and to find the new unit vectog  rections to the gravitational lens effect because of the rela-
perpendicular to the mirror as judged By. This unit vector tivistic motion of the very rarefied but very large clouds of
no is expressed by Eq21), in which B is given by Eq.(5) gas surrounding both the emitting quasar and the deflecting
andA, by Eq.(20). The wave velocitycy, in S, is given by ~ cluster of galaxies.
Eq. (22), and the incident angléy, by Eq.(23), i.e., co%y;
=Co1- ﬁolco. The component,, (of the mirror velocityV,)

along the unit normah, perpendicular to the surface and  We thank Professor C. Bernasconi and Dr. F. Borgonovi
measured by, is given by Eq(25), whereV,, expressed by for useful discussions during the development of this work.
the quantities ir§, is given by Eq.(24).

The Huygens construction i,, shown in Fig. 3 of Ref. APPENDIX
[1], leads to Eqs(28)—(33). The only difference(with re- _
spect to refractionregards solutiori34), since we now have Before the three fundamental papers of Mansouri and
to choose the other sign for the radical that appears in the€X! [4], physicists used only the Lorentz transformations,
solutions of the second degree equation infgpsSince the which are a consequence of the internal synchronization of

radical is now a perfect square becausg= Cq,=Co, the clocks, performed either by the Einstein method or by the
solution is therefore ’ slow clocks transport. After their work, it became clear that

there are infinite possible relativistic transformations corre-
sponding to infinite possible synchronizations of clocks as
(48  occurs in prerelativistic, or Galilean, kinematics. However,
p2+m? while in the latter there is only one very simple transforma-
tion (that of Galileg, in special relativity there are two con-
The sign ofs in Eq. (34) is now substituted by the term venient and simple transformatior{g: of Lorentz, andii) of

ACKNOWLEDGMENTS

~ ~ MQg—p(ceCo¥p— BC)
COSHp2= Coz No= :

inside the parentheses in E¢48). Tangherlini. The second one corresponds to the “external”
Once co$y, is obtained, one calculates gjpand, by Eq.  synchronization, in which the second obserfgrsynchro-
(35), the directioncy,/cq of the reflected wave ray. nizes his own clocks by local coincidences with the clocks

The third step consists in returning to the laboratory sysbelonging to the first observé: In this way there is conser-
tem S by means of Eq.(46), where, for reflection,cl, vation of simultaneity of separate events and the transforma-
=Cy,. Finally, cod, is still given by Eq.(47). tions are no longer symmetric. For instance, longitudinal

In the case of reflection, the first and the second media aré9ds at rest withS, are measured as contracted $yas by
the same, so that the relative velocity,=0. Consequently, the Lorentz transformatioisbut the longitudinal rods at rest
both the classical Eq38) and the relativistic Eq(45) give ~ With S are measured as lengthened &y (differently from
rigorouslycl,= co,. The result for reflection is therefore rig- What occurs by the Lorentz transformatianSimilarly, the

orous and not approximated to second order as occurs fé@tes of clocks at rest witB, are measured as slowed down
refraction. by S, but the rates of clocks at rest withare measured as

increased bys,. Moreover, the speed of light is and iso-

tropic for S only but not forSy, i.e., it is no longer invariant.
The Tangherlini transformatiorisorresponding to the ex-
We have improved the classical treatmfhitof refraction  ternal synchronizationare

when the two media and the interface are moving with non- 1

relativistic velocities. The improved expression is E8g), lo= 7,

which is approximated to second order ug,/cy,, as the

IV. CONCLUSIONS

(A1)

corresponding relativistic expression E45). and

The classical treatment for reflectigthat does not need Xo= y1(X—Ust),
the third stepwas already rigorous and we have here given
the rigorous relativistic treatment. Yo=Y, Zo=2,

The solution for the cosine of the refracted wave is given
by Eq.(47), with ¢, given by Eq.(46), wherecg, is expressed or, in vector form,
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r0=r+(’y1—1)l’~ﬂlal—'ylult. (AZ)

The direct measurements performed®gre the same so
that we still have Eq91)—(7). For S, we still have Egs(21)
and (10) but, instead of Eq(19), we have the much simpler
expression

Fon—Tok= E¥1(Xn—Xk)+€(Zn—2k), (A3)

since the external synchronization implies the conservation

of simultaneity of separate events. Consequently,
2] 1/2'
(A4)

Ao=ron—"Tokl =[5 (Xn—Xk)?+ (Zy—2k)

instead of the much more complicated EBQ).
The wave velocitycy; in Sy can be derived from EqAL),
and it is

Oly dto yIldt 1%1y 01z 1%1z»
dXO yl(dX—uldt) 2
Cox=——=—" -7 = 7i(C— ),

dt, yy Hdt

or, in vector form,

Co1= Y1l Y1(C1x—U1) &+ Clyéy+ C1,8,], (A5)

instead of Eq(22).
Similarly, the velocityVy (measured byS, using the
Tangherlini transformationof the moving interfacer, is

Vo= 11l y1(Vi—up)e+V, e+ V.81, (AB)

and the velocityuy, of medium 2(measured by&,) is ex-
pressed by

Ugo= 1[ 71 (Uz—Ug) &+ u2yéy+ Up,6,]. (A7)

The velocity cg, (still measured byS,) of the wave in the
moving medium 2 is still given by Eq39). To obtaincy, we

must find the transformations from medium 2 to medium 1

taking into account that the Tangherlini transformations areW_

not symmetric.
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=T+ Up(y; ' = 1)1y Up+ YoUsty, (A8)
where
y2=(1—u3/c?) "2 (A9)
Notice thaty, # vy, given by Eq.(41).
Substituting Eqs(A8) into Egs.(Al) and(A2) gives
to=7v1 "ot
Fo=Ta+Ups(y; = 1)ry Up+ YoUsty
+(y1= 1) 0gUy [ 1+ Up(y2 = 1)1 Upt YUt ]
— Y172Uils, (A10)
from which we get
' dro -1 - -1 0
Cozza =¥1Y2 1Co2t Us( ¥z "= 1)Cp Ux+ ¥2Us
0
+(y1= 1)Uty [Copt Up( 72 T = 1)
X Cop Up+ Y2Up] = y1 72U}, (A11)

wherecy; is still given by Eq.(35).

Finally, in order to transforna, from S, to the laboratory
systemS, we use the transformation inverse to that given by
Eq. (A2), i.e.,

r=ro+(y1—1)ro-Usly+ 1 Usto, (A12)

from which we get

dr _ _ A
=g ™" gt (v2 ' = 1) U+ yiug]. (A13)

The cosine of the refracted angle is still given by E&)
(of the main text, wherec, is now given by Eq.(A13),
whereu; is known, and, is still given by Eq.(39) with ¢,
given by Eq.(A11), in which cy, is still given by Eq.(35)
ith cosdy, given by EQgs.(34) and (32). Finally, Vg, is

given by Eq.(25) with n, andV, expressed by Eq¢21) and

If we maintain the same directions for the Cartesian axe$A6). respectively, bothu, and V being known, andr oy

(i.e., =U,), we have that, is not parallel to thex axis,
and the inverse transformations from the reference syStem
(at rest with fluid 2 to the laboratory syster8 are

t=yts,

—rok and Ay being given by Eqs(A3) and (A4), respec-
tively.

Concluding, the use of the Tangherlini transformations
leads to a much simpler expression ﬁarand to a somewhat
more complicated expression faj, than that of Lorentz.
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